We consider the SL(2,Ê )/U(1) gauged WZNW theory at the classical and quantum level. The previously obtained general solution of the model is rederived systematically by both Lagrangian and Hamiltonian reduction of the WZNW theory, facilitating a proof that the conserved parafermions and coset currents are identical. As in the pure WZNW theory the classical energy momentum tensor has a Sugawara representation in terms of the coset currents. Quantum mechanically the parafermion algebra, the form of the energy momentum tensor, and 'auxiliary' parafermions are deformed in a non-trivial fashion. *
Introduction
Gauged Wess-Zumino-Novikov-Witten (WZNW) models are an important subclass of twodimensional integrable conformal field theories. They can be formulated directly through a Lagrangian. Toda theories, both the abelian [1] and the non-abelian ones [2] , are just nilpotently gauged WZNW models. The simplest example, the Liouville theory, results on gauging the SL(2,Ê ) WZNW action. The Toda equations have a linear Lax pair representation which can be integrated straightforwardly to yield the general solution of the non-linear theory [3] .
Here we will focus on non-nilpotently gauged WZNW theories. Although these also have a Lax pair [4] , in contrast to the Toda case a systematic integration method is lacking. Therefore, we believe it worthwhile to show that Lagrangian or Hamiltonian reduction of the WZNW theory directly integrates the equations of motion of the gauged theory. While we will restrict ourselves to the simplest SL(2,Ê )/U(1) case, we presume that this approach can be generalised to any gauged WZNW theory.
We define the SL(2,Ê )/U(1) theory by the purely classical Lagrangian given in ref. [5] . This model became extremely popular when it was realised that such theories have a black hole interpretation [6] . In the early 1990's studies of the quantum SL(2,Ê )/U (1) WZNW theory relied heavily on rather formal path integral manipulations [6, 7, 8] or related operator identities [9] . Since the attempted path integration over the U(1) gauge field provided an incomplete effective action [4, 10] we intend to pursue an alternative route.
Our goal is to perform an exact canonical quantisation of the model much in the same way as it has been done for Liouville theory [11, 12] . Here one recasts the general solution as a canonical transformation exchanging Liouville and free fields and lifts the classical conformal transformation to an operator transformation preserving 'commutators' rather than Poisson brackets.
Indeed, the first step in this programme is already complete [4, 13, 14] . The general solution of the SL(2,Ê )/U(1) WZNW theory on Ê 2 and Ê × S 1 is known. Furthermore, the Poisson bracket structure was investigated and a canonical transformation exchanging the SL(2,Ê )/U(1) fields and free fields inferred. Parafermionic observables emerged as the fundamental objects as anticipated in [5] . In this paper we rederive the existing classical results through Hamiltonian as well as Lagrangian reduction of the parent WZNW theory.
Moreover, in our approach one can see that the previously obtained conserved parafermions and coset currents are identical.
The parafermion algebra is taken as a starting point for quantisation. We derive the quantum analogue of this algebra. In doing this we are forced to deform the classical free field representation of the parafermions. Similar deformations have been found before in OPE based Feigin-Fuks constructions of WZNW Kac-Moody currents [15, 16, 17, 18, 19] .
Under the reduction the energy-momentum tensor retains a simple Sugawara form in terms of coset currents. This motivates us to build the quantum energy-momentum tensor using only the parafermions. We find an improvement term which in the σ-model interpretation corresponds to a non-perturbative dilaton. Finally, we point out that the general solution itself has a parafermion interpretation. More precisely, the general solution contains fields of conformal weight zero related to an alternative set of 'auxiliary' parafermions which also undergo quantum deformation.
2
A Lagrangian Reformulation of the SL(2, R) WZNW Theory WZNW models are defined by the action [20, 21, 22] 
which includes the topological Wess-Zumino term
Here h µν = diag(+, −) is the Minkowskian metric of the world surface M, h its determinant, B a volume with the boundary ∂B = M , k the coupling parameter, and g(τ, σ) is a field which takes values in a semi-simple Lie group G. We shall restrict ourselves in this paper to the case G = SL(2,Ê ).
It will prove useful to rewrite the topological WZNW term (2) as an integral of a local Lagrangian. We verify that the differentiation of the 2-form (for a more general treatment see [23] )
provides the integrand of the topological WZ term (2)
and that Stokes theorem then reduces the Wess-Zumino term to a two-dimensional integral
Here a is a fixed normalised time-like element of the sl(2,Ê ) algebra with a a = 1, where c = − 1 2 tr(c) denotes a normalised trace, and the left and right 1-forms of (3) are given by L a = a dg g −1 , R a = a g −1 dg .
We introduce the basis of the sl(2,Ê ) algebra
The T n satisfy the relations
where I is the unit matrix, η mn = diag(+, −, −) is the metric tensor of 3d Minkowski, and ǫ 012 = 1. The normalised traces of the matrices T n are given by
This defines an isometry between the sl(2,Ê ) algebra and 3d Minkowski space.
Note that for a = T n the left and right 1-forms (5)
are related by
where Λ n m (g) = T m g T n g −1 is a Lorentz transformation matrix. Since from (9) we have
by using (8) the right hand side of (4) can be written in terms of right (or left) 1-forms
Moreover, the differentials of (9) and (10)
give for the left hand side of (4) the same result 4 R 0 ∧ R 1 ∧ R 2 . This proves our statement (4) . With Stokes theorem, we finally obtain an alternative Lagrangian formulation of the WZNW theory
where the kinetic term L 0 remains unchanged
but the WZ term becomes
Here we used light-cone coordinates z = σ + τ,z = τ − σ, and introduce a new coupling constant γ 2 = 2π/k.
One can check that the Lagrangian L gives the same dynamical equations as the WZNW theory (1)
and L is invariant under the global U(1) transformations
3 The Gauged SL(2, R)/U (1) WZNW Theory
The standard gauging procedure amounts to the introduction of U(1) gauge fields A z and
Az. The new Lagrangian
is then invariant under the local gauge transformations
The gauge fields can easily be eliminated from (19) through their (non-dynamical) equations of motion
So we obtain the Lagrangian
− a ∂ z g g −1 a g −1 ∂zg + a ∂zg g −1 a g −1 ∂ z g 1 + a g a g −1 .
Without any loss of generality we assume a = T 0 . Since T 0 gT 0 g −1 is strictly positive the denominator in (21) is never zero. This Lagrangian can be rewritten in terms of the gauge invariant variables
The gauge invariance follows from exp(ǫT 0 ) T n exp(ǫT 0 ) = T n for n = 1, 2. Introducing v 0 = T 0 g , we parameterise g ∈ SL(2,Ê ) as
Inserting this in (21), the reduced Lagrangian becomes
.
This Lagrangian has a natural complex structure which is more transparent in terms of
is just that obtained in [4, 13] .
Integration of the Theory by Lagrangian Reduction
The WZNW equations of motion (17) have the well-known general solution
where g L (z), g R (z) are arbitrary SL(2,Ê ) group valued (anti-)chiral functions.
Let g(z,z) be a solution (26) which satisfies the conditions
Then, due to (20) , the set of functions g(z,z), A z (z,z) = Az(z,z) = 0 form a solution of the dynamical equations derived from (19) . Since the Lagrangians (19) and (24) have in terms of the gauge invariant fields v 1 and v 2 the same dynamical equations (25) , the solutions of (25) can be written as
where the fields g L and g R satisfy (27). Equations (20) and (25) imply vanishing curvature
Then, due to gauge invariance, (28) describes the general solution of (25) .
We seek these solutions in terms of independent (anti-) chiral fields. Therefore, we parameterise g L and g R as in (23)
and introduce for convenience polar coordinates
and similarly for the anti-chiral quantities. The conditions (27) lead to R 2 β ′ − r 2 α ′ = 0, and with R 2 − r 2 = 1 which follows from (23), we deduce the relations
Here ′ denotes differentiation. The insertion of (29) and (30) in (28) yields the general
which is correctly parameterised by two real chiral α(z), β(z) and two real anti-chiral α(z),β(z) functions.
As a conformal field theory (24) has a traceless energy-momentum tensor T zz = 0, with the chiral component
and similarly for the anti-chiral partT = Tzz. A free-field form of this energy-momentum
, can be obtained by passing to canonical free fields (k = 1, 2)
where φ k (z) andφ k (z) are the chiral and anti-chiral components, respectively. The free-field transformation which solves the problem is given by
The general solution (32) then takes the form of a canonical transformation mapping SL(2,Ê )/U(1) fields onto free fields
In the following we will impose periodicity in the spatial direction
While the ψ k are strictly periodic their chiral and anti-chiral pieces need not be. Choosing a symmetrical zero mode distribution between the chiral and anti-chiral parts it follows
where the p k are momentum zero modes. With these boundary conditions the integration of (36) gives
Inserting (40) into (37) exactly reproduces the results obtained in [13] . Thus, we have demonstrated that the Lagrangian reduction indeed yields an integration method which allows one to solve the equations of motion of a non-nilpotent gauged WZNW theory in a straightforward manner.
Integration of the Theory by Hamiltonian Reduction
The Hamiltonian reduction of the WZNW theory is an alternative method for the construction and integration of coset models. The phase space of the system (14) 
Here g ′ = ∂ σ g, and d denotes the exterior derivative. Variation of R(σ) yields the Hamiltonian equation
Accordingly, we parameterise the functions R(σ), g(σ) by the SL(2,Ê ) group valued fields
Then the Hamiltonian (42) splits into chiral and anti-chiral parts H = H L + H R , where
and similarly for H R . The corresponding splitting holds (up to an exact form) also for the
(46)
The differential of (46) gives the symplectic form of the WZNW theory [24] , and the solutions of the corresponding Hamiltonian equations g L = g L (τ + σ), g R = g R (τ − σ) just provide the general solution (26) . That is why we used the same notation for the g L , g R fields in the Hamiltonian and Lagrangian approaches.
The gauging procedure which led to the coset model (24) 
where tanh 2 f = β ′ /α ′ . Now the differential of θ L defines the symplectic form of the reduced system (24) and the integrand of H L is just the energy-momentum tensor (33).
A canonical form of (47) can be obtained by passing to the canonical free fields φ 1 and φ 2 using again the free-field transformation (35), and we get
In fact the free-field transformation (35) was obtained as a solution of these equations.
This shows that the Hamiltonian reduction like the Lagrangian reduction provides a convenient approach for the integration of our non-nilpotently gauged SL(2,Ê )/U(1) WZNW theory. We envisage that these methods should be generalisable to other gauged WZNW theories.
6 The Parafermionic SL(2, R)/U (1) Coset Currents
It is well known that the chiral WZNW currents
satisfy the linear Kac-Moody algebra
Here we would like to understand how these properties are impacted by the reduction. The chiral currents
are of particular interest. Taking into account the parameterisations (29,30), the constraints (31) and the free-field transformations (35), a straightforward calculation yields
Interestingly, these fields are just the free-field transformed conserved parafermions of [13] , which obtain now a consistent coset current interpretation through the reduction. The same holds for the coset valued parafermions discussed before in [5] .
The Sugawara energy-momentum tensor
retains this simple form in terms of the parafermionic coset currents [5, 13] even after reduction
The free-field parameterisation of the parafermions (52) clearly leads to the free field energy-momentum tensor (48). But in contrast to the WZNW Kac-Moody currents (49), the coset currents satisfy a non-linear and non-local Poisson bracket algebra, which can be calculated either by Dirac bracket methods or directly from the free field representations.
The results for the Poisson brackets depend on the chosen boundary conditions. Here we work with the periodic ones prescribed in section 3. For the chiral and anti-chiral components φ k (z),φ k (z) of the canonical free fields ψ k (σ, τ ) (k = 1, 2) we choose the usual mode
with the canonical mode algebra (k = 1, 2)
When computing Poisson brackets and their quantum generalisations we prefer to deal with periodic objects. Thus instead of the V ± (z)'s we will consider [14] W
where ϕ 2 is φ 2 with the momentum zero mode p 2 removed and the whole q 2 zero mode of the free field (34) included ϕ 2 (z) = 1 2 q 2 + φ 2 (z)| p 2 =0 . These periodic coset currents have the extended parafermion algebra
where
is the periodic sawtooth function and ǫ 2π (z) the stairstep function 1 . Note that the momentum zero mode p 2 enters into the periodic parafermion algebra, which indicates a related symmetry.
The energy-momentum tensor in the form (54) provides the Virasoro algebra
indicating for it the conformal weight two, and the parafermions W ± (z)
have conformal weight one. Finally, we add a useful formula which generates the energymomentum tensor T (z) through a Poisson bracket 
where η is a deformation parameter with the classical limit η = 1.
First we look for the quantum analogue of the Poisson brackets (58), starting with the
In the appendix we have explicitly derived the following relation
can be viewed as the positive and negative frequency parts of h(z), respectively. The right hand side of (65) is proportional to the operator : e 2iγϕ 2 (z) e 2iγϕ 2 (z ′ ) : which evidently cannot be rewritten bilocally in terms of the parafermions, as is necessary to have a closed operator parafermion algebra. However we can remove the offending term altogether by imposing the restriction
The classical limit corresponds to the positive square root. With this choice we have the quantum analogue of the Poisson bracket
The remaining quantum relations corresponding to the other Poisson brackets of (58) are (see the appendix)
[p 2 , W ± (z)] = ±2hγW ± (z).
As in the derivation of (68) it is necessary to impose (67) to eliminate anomalous contributions.
To check that these operator relations correspond to the classical Poisson brackets one can expand the exact formulae in powers ofh, e.g. for (68)
Here we have used the splitting relation h(z) = h + (z) + h − (z), which follows immediately from (66).
The Energy-Momentum Tensor Operator
Classically the energy-momentum tensor has the coset Sugawara form (54). However such a product is not well defined at the quantum level. But in the classical case we can also regard (62) as a perfectly good definition of T (z). Our previous experience leads us to expect, that in order to generate the quantum energy-momentum tensor we should consider the quantum analogue of (62). Indeed, from the calculations given at the end of the appendix it follows
The second entry on the right hand side just corresponds to the term −2T (z ′ )δ 2π (z − z ′ ) of the classical Poisson bracket (62) which suggests the following identification
This is indeed the energy-momentum tensor of a free field theory with an additional improvement term which is absent classically. If we choose a different improvement term then either we would lose the primariness of either W ± (z) or other basic operators discussed in the next section. In a σ-model interpretation the improvement term corresponds to a non-perturbative dilaton.
The energy-momentum tensor obeys the Virasoro algebra
with central charge
in agreement with the results of [25, 6] .
Classically the parafermions are primary fields of weight one. Quantum mechanically the commutator
:
shows that the quantum parafermions have the shifted conformal weight 1 +hγ 2 /(2π).
Auxiliary Parafermions
The general solution (37) comprises of simple exponentials as well as the chiral object Φ(z) and its anti-chiral counterpartΦ(z). The function
turns out to be more amenable to a quantum treatment. In fact this is just one of the complex chiral fields that entered into the general solution given in [13] . The derivative of A(z) has a similar structure to that of the parafermions, and so we will refer to A ′ (z) as an auxiliary parafermionṼ
It satisfies a closed chiral algebra if we replace φ 1 (z) by 1 2 q 1 +φ 1 (z). The somewhat artificial doubling of the q 1 zero-mode is an artifact of our strict separation of chiral and anti-chiral objects, whereas each term in the general solution (37) is a product of chiral and anti-chiral pieces.
Following the recipe of section 7 the quantum auxiliary parafermion turns out to bẽ
This object commutes with V − (z ′ ), but unlike V − (z) it retains its classical conformal weight one. Thus, A(z) has conformal weight zero, suggesting that it plays the role of a screening charge.
Discussion
In this paper we have shown how the known classical results of the SL(2,Ê )/U(1) model including the solution of the equations of motion and the underlying parafermion structure can be accessed through either Hamiltonian or Lagrangian reduction of the SL(2,Ê ) WZNW theory. We believe that these approaches can be generalised to the systematic integration of any non-nilpotent (and any other) gauged WZNW theory. As a bonus we have got a consistent interpretation of the parafermions as coset currents. We have taken these parafermions as the basis for an exact canonical quantisation of the model. It is interesting that the construction of the quantum algebra, the quantum construction of the improved energy-momentum tensor operator, and the quantisation of the auxiliary parafermions are described by a single deformation parameter.
Our quantisation of SL(2,Ê )/U(1) theory is still incomplete. Up to now we have not quantised the black hole metric. So we cannot say whether our non-perturbative dilaton renders this metric dynamical. If this were the case, we could meet the interesting problem of black hole radiation.
A Normal Ordered Operator Identities
In this appendix we elaborate on the normal ordered operator identities quoted in the text.
To effect the normal ordering we decompose the chiral free fields φ i (z) defined in (55) as
φ − i (z) and φ + i (z) will be interpreted as creation and annihilation operators, respectively. The equivalent anti-chiral constructions will not be considered here.
Using the commutator algebra
Here the ǫ ± (z) denote the positive and negative frequency parts of the stairstep function ǫ 2π (z), and have the Fourier series representation
Note that we have included a convergence factor, ε > 0. The ǫ ± (z) functions have the properties ǫ + * (z) = ǫ − (z), ǫ + (−z) = −ǫ − (z), and in the limit ε → 0 they exhibit free-field short distance singularities
We also introduce 'split' delta functions [26] δ 
At this point the following identity is useful
which is valid even for finite ε. Using this formula the right hand side of (A.11) can be written linearly in δ + (z − z ′ ) and its derivative. Recall that this distribution becomes δ − (z − z ′ ) on exchanging z and z ′ . Thus, if we take (A.15) and subtract the equation obtained by exchanging z and z ′ , we get
The first term on the right hand side is zero since the prefactor of δ 2π (z − z ′ ) tends to zero as z → z ′ , and so (65) follows immediately.
Since all the other results quoted in the text can be derived by the same technique, we will be rather sketchy from now on. Evaluating the operator products W + (z)W − (z ′ ) and W − (z ′ )W + (z) one is led to
Using the identity f (z)δ 2π (z −z ′ ) = f (z ′ )δ 2π (z −z ′ ) (valid for periodic f (z)) and derivatives thereof
